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Abstract: This paper studies the ionized gas i.e. air flow in an axisymmetrical boundary layer adjacent to 
the bodies of revolution. The contour of the body within the fluid is nonporous. The ionized gas flows 
under the conditions of equilibrium ionization. A concrete form of the electroconductivity variation law 
has been assumed and studied. Through transformation of variables and introduction of sets of 
parameters, V. N. Saljnikov's version of the general similarity method has been successfully applied. 
Generalized equations of the axisymmetrical ionized gas boundary layer have been obtained and solved, 
and some conclusions have been drawn. . 
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1. INTRODUCTION 
 
This paper presents results of our investigations of the 
ionized gas flow in the boundary layer adjacent to the 
bodies of revolution. The ionized gas flows under the 
conditions of the so-called equilibrium ionization. The 
contour of the body within the fluid is nonporous.  
The primary objective of this paper is to apply the general 
similarity method to the studied problem. Investigations 
are carried out for a concrete form of the 
electroconductivity variation law.  
The general similarity method was first used by 
Loitsianskii [1] and it was later improved by V. N. 
Saljnikov [2] - Saljnikov's version. Investigators of 
Petersburg School of Boundary Layer used this method to 
solve numerous problems of dissociated gas flow in the 
boundary layer. This method was also successfully 
applied to problems of planar dissociated gas boundary 
layer [3]. Later, investigators of Belgrade School of 
Boundary-Layer used Saljnikov's version of the boundary 
layer theory to solve practical problems of flow in the 
temperature and MHD boundary layer[4]. This version 
was also used for solution of planar dissociated and 
ionized gas flow [5-8].  In this paper, Saljnikov's version 
of the general similarity method is applied.      
 
2. MATHEMATICAL MODEL 
 
The equation system of steady laminar boundary layer 
adjacent to the bodies of revolution in the case of ionized 
gas flow in the magnetic field, under the conditions of а 
equilibrium ionization [5, 10, 11], is as follows: 
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Analogous to the MHD boundary layer, it has been 
assumed that the electroconductivity variation law can be 
written in the form of the following function 
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where )(xBB mm =  is the magnetic field power.  
In the governing equation system (1), i.e., in the 
mathematical model, the first equation is a continuity 
equation of axisymmetrical compressible fluid flow 
adjacent to the bodies of revolution. It is written in a more 
suitable form, where L is a characteristic length which can 
equal unity. The second and third ones are the dynamic 
and energy equations. 
The notation usual in the boundary layer theory is used [9, 
10]: x, y - longitudinal and transversal coordinates, 

),( yxu  - longitudinal projection of the velocity in the 
boundary layer, ),( yxv  - transversal projection, ρ - 
ionized gas density, p - pressure, μ - dynamic viscosity 
coefficient, h - enthalpy, )(xr  - radius of the body of 
revolution in the meridian plane (Fig. 1) and λμ /Pr pc=  
- Prandtl number, where λ  - is a thermal conductivity 
coefficient and pc  - specific heat of the ionized gas. The 

subscript ″е″ stands for the physical values at the outer 
edge of the boundary layer and the subscript ″w″ denotes 
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the values at the nonporous wall of the body of revolution 
within the fluid.   
 

 
 

Fig.1. Ionized gas flow adjacent to the body of revolution  
 
3. TRANSFORMATIONS OF THE 

EQUATIONS 
 
In order to apply the general similarity method, new 
variables are introduced in the form of 
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For 0=j , they were used in  numerous scientific papers 

[3, 12].  
The stream function ),( zsψ  is introduced by the 
relations:  
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which come from the continuity equation. In the 
transformations (3) and relations (4), the quantities 0ρ  
and 000 νρμ =  denote the known values of the density 
and dynamic (kinematic) viscosity at a certain point of the 
boundary layer. Here, wρ  and wμ  denote the known 
values of these quantities at the wall of the body of 
revolution. Using the variables (3) and introducing the 
stream function ),( zsψ  by the relations (4), the 
governing equation system (1) takes the following form: 
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In the obtained system (5), which for 0=j  is identical to 
the corresponding equations for the planar ionized gas 
flow [13], the nondimensional function Q is determined 
as 

.),(/ zsQQ ww == μρμρ  (6)

In order to bring the equation system (5) to a generalized 
form, the function Φ and the nondimensional enthalpy h  
should be introduced by means of the so-called general 
similarity transformations. In order to apply the general 
similarity method, a new transversal variable η  and 

functions Φ  and h  are introduced using the expressions: 
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Here, )( kf  denotes a set of parameters of Loitsiantskii 
type, while )( kg  stands for a set of magnetic parameters 
[1, 5]. The introduced sets of parameters - similarity 
parameters, are new independent variables (instead of the 
variable s), and they are defined, just like with 
incompressible fluid with the expressions:  
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The first parameters )1( =k  of the sets (8) stand for the 

parameter of the form 1 ef u z f∗∗′= = and for the 

magnetic parameter 1 .g sz g∗∗= =  Here, 1h  is the total 
enthalpy of the gas in the outer flow. Each set of 
parameters satisfies the corresponding recurrent simple 
differential equation [1, 5]:  
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In the above stated expressions, the conditional 
momentum loss thickness )(s∗∗Δ , characteristic boundary 
layer function B(s) and local compressibility parameter κ 
[3] are defined with the relations: 
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Having applied the similarity transformations (7) and 
taking the expressions (8), (9) and (10) into consideration, 
the governing equation system (5) is finally transformed 
into a system in which the distribution of velocity )(sue  
at the outer edge of the boundary layer does not figure 
explicitly. In that sense, the system is generalized. It 
represents a general mathematical model of the ionized 
gas flow in the boundary layer adjacent to the bodies of 
revolution in the case of variable gas electroconductivity 
defined with the law (2). Since this system cannot be 
solved numerically, it is solved in a three-parametric 

,0,0( 10 ≠=≠= fffκ  ,01 ≠= gg  0== kk gf  for 
)2≥k  twice localized ( ,0/ =∂∂ κ  )0/ 1 =∂∂ g  approxi-

mation. Thus, the obtained system is considerably 
simplified and it comes down to: 
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In the equation system (11), the characteristic boundary 
layer function mF , nondimensional friction function )(sζ  
and values H and H1 are determined with the expressions: 
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while a, b are constants. 

The obtained system of approximate generalized 
equations (11) is a general mathematical model of the 
ionized gas flow in the boundary layer adjacent to the 
bodies of revolution. Due to the localization, the system is 
solved for in advance given values of the parameters 

0f=κ  and .1g    
Note that the equations of the system (11) are of the same 
form as the corresponding equations for the case of planar 
ionized gas flow. For 0=j  these equations are the same 
[13].  
 

4. NUMERICAL SOLUTION, RESULTS 
 

The system differential partial equations of the third order 
(11) is numerically solved after the order of the dynamic 
equation has been reduced. For the function Q and the 
density ration ρρ /e  that figure in system (11), 
approximate dependences [3] have been adopted:  
 

.)1/(/,)/()( 31 κρρ −≈≈= hhhhQQ ew  (13)
 

Since Prandtl number for air "negligibly depends on the 
temperature" [3, 5], the equations (11) are solved for a 
constant value of this number 712,0Pr = . For the 
constants a and b the usual values have been adopted [2]: 

4408,0=a  and .7140,5=b      
The system of conjugated differential partial equations 
(11) is solved by finite differences method using the 
passage method. A concrete solution was based on a 
program written in FORTRAN.  
The system (11) is solved for each cross-section of the 
boundary layer. Solutions are obtained in tabular form. 
Only some of the results are presented here in the form of 
diagrams.  
 

 
Fig.2. Diagram of the nondimensional velocity euu  

Figure 2 shows diagrams of the nondimensional velocity 
ηΦ ∂∂= /euu  at three cross-sections of the boundary 

layer. The diagram in the Fig 3 represents distribution of 
the nondimensional enthalpy h  for three cross-sections 
of the boundary layer. The influence of the 
compressibility parameter on distribution of the 
nondimensional enthalpy h  is seen in Fig. 4. It shows a 
diagram of the enthalpy h  at one cross-section of the 
boundary layer )14,0( 1 =f  for three different values 

)30,0;20,0;10,0( 0 == fκ  of that parameter.  
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Fig.3. Diagram of the nondimensional enthalpy h  
 

 
 

Fig.4. Diagram of the nondimensional enthalpy  h  for 
different values of the compressibility parameter 0f=κ  

 

5. CONCLUSIONS 
 
Based on the performed investigations and the obtained 
results, some important conclusions can be drawn. A 
general conclusion is that V. N. Saljnikov's version of the 
general similarity method can be successfully applied to 
the studied flow problem and that the distributions of 
physical and  characteristic quantities have the same 
behaviour as with other dissociated and ionized gas flow 
in the boundary layer [3, 13].  
There are also some specific conclusions. Firstly, the 
compressibility parameter has a great influence on the 
distribution of the nondimensional enthalpy h  in the 
boundary layer (Fig. 4).  Secondly, the nondimensional 
flow velocity euu  (Fig. 2) at some cross-sections of the 
boundary layer converges towards unity very fast.   
Since the compressibility parameter in the studied case 
has a big influence on the nondimensional enthalpy (even 
changes the general behaviour of the distribution of the 
enthalpy h !), the obtained boundary layer equations 
should by all means be solved in a three parametric 
approximation but without localization per the 
compressibility parameter. It, however, can be the subject 
of our further investigations.         
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